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1. Introduction 

 The main thesis of the paper is a statement, that the basis of an appropriate 
modeling of the dependence between the space-time processes is to consider 
their internal structures. 
 The space-time processes are characterized by the sets of double indexed 
variables ti

X ,u , the so-called random fields. The models of such random fields, 
discussed in sections 2 and 3 of the paper, have got an essential significance for 
the specification of the dependence between the space-time processes. 
 The models, discussed in section 4, take into account the principle of the 
time, space and space-time „dynamics” – which manifests itself by the specifi-
cation of the appropriate time lags, space shifts, and also simultaneous space-
time shifts in the modeling of the dependence – and the principle of congruency 
as well, which is an extension of the principle of the congruency, used in 
econometrics for the linear dynamic modeling of the dependence of the stochas-
tic processes. 
 The advantages for the modeling of the dependence of economic space-time 
processes resulting from such an approach are pointed out. The theoretical con-
siderations are illustrated – in section 5 – by an empirical example, which refers 
to the dependence between unemployment rate and average monthly gross 
wages and salaries in enterprise sector in Poland. In section 6 the conclusions 
are formulated and the directions for further investigations are announced. 
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2. Modeling of the Trend-Seasonal Structure 

 Heterogeneous/non-stationary, with regard to the mean values, space-time 
economic processes may be modeled using the polynomial space-time trend 
functions and the seasonal component models. 
 Let ti

X ,u  denote the space-time process, observed in the spatial units i, with 
the co-ordinates of the location ( )iii uu 21 ,=u , in the time t. The expression of 
the form: 

( ) ∑
≤++

=
rrrr

rr
i

r
irrrii tuutuuf

321

321
321 21,,21 ;, γ  (1) 

presents the spatio-temporal trend of degree r. 
 The model of the space-time process with the trend and seasonality takes the 
form: 
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where:   Qkt – seasonal dummies, 
  ti ,uη  – homogeneous/stationary space-time residual process. 

3. Modeling of the Autoregressive Structure 
 The construction of the autoregressive space-time models is based on the 
statement, that the values of a phenomenon  observed at the established points 
in time and space are dependent on the previous observations of the phenome-
non at the other points in space. Connections among the variables in different 
units in space depend in a systematical way on the spatial distance, likewise the 
dependence in time depends on the time distance. The dependence among the 
neighbours of different orders is considered. 
 For expressing  the connections of the observations of the variable in one 
place with the observations of the same variable in other places, it is conven-
iently to refer to the idea of the spatial lag, which in practice is named the spa-
tial shift operator. 
 The spatial shift operator differs from the temporal shift operator, because 
the last one causes shifts of the variable by one or more periods backwards, 
whereas the spatial operator acts into different directions, with regard to the 
fact, that the direction of the shifts in space may be various. 
 The definition of the spatial shift operator depends on the spatial data ar-
rangement and on what  is known in advance about the investigated phenome-
non, e.g. whether there is well founded the assumption, that the influence of the 
variable located in the given place on such the variable located in another place 
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depends mainly on the distance between the locations and does not depend on 
the direction or whether it should be assumed to depend on the direction as 
well1. 
 The starting point to specify the spatial shift operator is the identification of 
the neighbours of each place i on the lattice2 D, with regard to the well-defined 
criterion of specification (i.e. a common border for the so-called nearest 
neighbours). The neighbours of the first, second etc. order are identified. The 
appropriate sets of the neighbours are denoted by: N1(i), N2(i), ... (generally, 
Ns(i), where s denotes the order of the  neighbourhood). 
 When the sets of neighbours are fixed for each place i, the spatial shift op-
erator of the order s (i.e. L(s)) may be defined as follows: 

( ) ( )
( ) tjiNj

s
ijti

s XwXL
s

,, ∑ ∈
= . (3) 

From the considerations above it appears, that the spatial shift operator is the 
operator of the lags distributed in space rather then the shift operator in the 
given direction3. 
 It is assumed, that the weights in (3) satisfy the following conditions: 

1) ( ) 0≥s
ijw , 

2) ( ) 0=s
iiw , 

3) ( )
( ) 1=∑ ∈ iNj

s
ij

s
w . 

Usually, the spatial weights are established a priori by the researcher. They may 
reflect the length of common borders, number of roads, railways, geographical 
or economic distance between the regions. 
 Using the concept of the spatial operator L(s) the autoregressive space-time 
model of order l in space and q in time, marked by STAR(l, q), i.e.: 

( )
titi

s
l

s

q

sti XLX ,,
0 1

, εα τ
τ

τ += −
= =
∑∑ . (4) 

may be defined. 
 In model (4) the so-called „pure” spatial autodependence, i.e. the depend-
ence among spatial units in the same time is not considered. Generally it is justi-
fied. Since it is possible to agree with the argumentation, that the events in dif-

                                                      
1 Sometimes the spatial shift operator is presented as the so-called structure of the 

spatial shifts in a model. Some different spatial shifts structures are possible. On their 
importance for defining the so-called STARMA models (space-time autoregressive-
moving-average models) and for the properties of the models, see e.g. Hopper and Hew-
ings (1981). 

2 The definition of the spatial lattice may be find in Cressie (1993). 
3 See, e.g. Giacomini, Granger (2004). 
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ferent points in space do not influence the events in other locations at once, be-
cause the realization of the results of the influence needs some time lag. How-
ever, an attention should be paid, that the assumption of the lack of instantane-
ous spatial dependence is important, provided the time distance between the ob-
servations is smaller than the real time lag of reaction. If the mechanism gene-
rating the course of the phenomenon creates it with frequency greater than the 
frequency with which the data are observed, then spuriously instantaneous in-
fluences may appear. Thus, the problem whether the space-time autoregressive 
model should include the clear spatial component depends on the scale of time 
realization and measurement of the phenomenon. Furthermore, while the instan-
taneous causal dependence may be doubtful, the spatial correlation in the same 
time (the so-called spatial autocorrelation) is obviously possible. 
 In the paper the considerations are limited to the space-time autoregressive 
models of the form (4). Thus, it is assumed that the spatial dependence requires 
at least one time lag before its effects are occurred. 

4. Modeling of the Dependence Between Processes 
  The important idea of the modeling of the dependence between space-time 
processes, taking into account the structure of the connections in time and space 
is the congruent modeling of random fields. The concept proceeds with the 
econometric congruent modeling, which refers to the stochastic processes. 
 The author of the paper has already undertaken some attempts to construct 
the congruent models for random fields and to investigate their properties on the 
ground of the theoretical considerations and on the basis of the generated data4 
as well. In the paper the empirical example of the modeling of the dependence 
of two space-time processes is presented5. 
 In this case the procedure of the congruent model construction is following : 
1) The models with spatio-temporal trend and seasonality are identified: 
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2) The space-time processes )(
,

)(
, , y

t
x

t ii uu ηη  are identified as autoregressive ones, 

and modeled as: 

                                                      
4 See Szulc (1998, 2003). 
5 See also Szulc (2007). 
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3) The equation of the dependence for the white noise space-time processes 
( ) ( )y

t
x

t ii ,, , uu εε  is constructed: 

( ) ( )
t

x
t

y
t iii ,,, uuu ερεε += , (9) 

 where: ti ,uε – white noise independent of ( )x
ti ,uε . 

4) The congruent model for real processes is obtained by taking the residual 
processes from (5) and (6) and by substituting them into (7) and (8) respec-
tively and finally, the transformed (7) and (8) – into (9). As the result the 
following model is obtained: 
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 where: ( ) ( ){ }yx rrr ,max= , ττ ραα ,, ss −=∗ . 

 Taking into account the trend-seasonal component in the model (10) the 
heterogeneous/non-stationary mean value is removed from the processes 

tt ii
YX ,, , uu , therefore the parameters: ρβα ττ ,, ,, ss

∗  measure the dependence be-
tween homogeneous/stationary components of these processes. Apart  from the 
current dependence between the processes tt ii

YX ,, , uu , measured by the parame-
ter ρ , in the model (10)  the dependence which is lagged in time and space is 
taken into consideration. The influence of the explanatory phenomenon – ob-
served at the same points in time and space at which the explained phenomenon 
is observed – is separated from the influence of the phenomenon, observed 
somewhere else and some other time. These influences are measured by ρ  and 

∗
τα ,s respectively. The parameters τβ ,s reflect the connections in time among the 

magnitudes of the explained phenomenon, observed in the neighbouring spatial 
units. Thanks to explicite separation of the variables ( )

τ−t
s

i
XL ,u , they will not 

contain the so-called indirect influences on ti
Y ,u . 
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 Specification of the model (10) results from the investigation of the internal 
structure of individual processes. It is the initial model, which after estimation 
of the parameters  requires the insignificant components to be reduced. 

5. Empirical Example 
 The empirical example refers to the dependence between unemployment 
rate and average monthly gross wages and salaries (in PLN) in the enterprise 
sector in Poland by voivodships in the period: January 1999 – December 2006. 
The data are from Statistical Bulletins of voivodships from the appropriate peri-
ods and from the internet sources: http://www.stat.gov.pl. The statistic sample 
consists of two data sets, including every 96 time observations for each of 16 
spatial units, i.e. 1536 observations together. 
 The collected data as well on unemployment as on wages and salaries dem-
onstrate trend and seasonal changes. The suggestion that the data may be spatial 
correlated is reasonable as well. 

A. Investigating the trend and seasonality 
 

 The models of polynomial functions of the spatio-temporal trend with sea-
sonality were considered. For wages and salaries the model of the form6 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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jttjtj

iijtitij

tijijtit

ijtji

tjix
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00053.07202.7898416.010905.0

350.56808795.0971.598188.504

54733.3863.700143.504412.884

++−−

−+−−

−+−−

−−++

+−+−
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+++=

∗∗∗

∗∗∗∗

∗∗∗∗

 (11) 

was chosen. 
 The model (11) presents the spatio-temporal trend of the 3rd degree and sea-
sonality. The most of the parameters of the model are significant. The model fit  
in this case is not high (R2=0.456623). 

                                                      
6 For the further notation to be simplified, the index ui was changed by (i, j). 
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 The analysis of the trend and seasonal changes in the space-time process of 
unemployment allowed to fit the model (12). The most of its parameters are 
significant. The coefficient R2 for the model equals 0.828638. 
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B. Investigating the autoregressive structure 
 

 The purpose of the analysis of the autoregressive structure of the investi-
gated  processes was to identify significance of the largest time lags and spatial 
shifts. For both the processes the time lags of the 12th order are significant, 
whereas the spatial shifts are significant only of the 1st order. Thus STAR(12, 1) 
models were estimated. E.g. for wages and salaries the model took the form: 
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 The autoregressive models referring to both wages and unemployment in-
cluded insignificant components. However, at this stage of the analysis the re-
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duction of insignificant components was not carried out. The reduction was car-
ried out only with regard to the initial congruent model. 

C. Empirical congruent model 
 

 Using the procedure presented in section 4 the congruent model, describing 
the dependence between the wages and unemployment was obtained. The 
model reduced to the significant components took the following form: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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(14) 

 R2 = 0.996568. 
The model (14) was obtained from the initial (sufficiently general) congruent 
model, using the method of a posteriori selection. The model contains: trend 
and seasonality, unemployment rate in the given voivodship and in the 
neighbouring voivodships with time lags of the 1st, 2nd, 11th and 12th orders (in 
months), and wages in the given voivodship with time lag of the 4th order. Fur-
thermore, the wages in the neighbouring voivodships with time lags of the 1st  
and 10th orders have significant influence on the rate of unemployment in the 
given voivodship.  The model (14) does not contain the current wages and sala-
ries.  
 One should notice, that the current wages and salaries would be present in 
the unemployment rate model if in the model of the dependence between the 
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considered processes the trend-seasonal-autoregressive structures had not been 
taken into account. Then the  model would take the following form: 

( ) ( ) tjitjitji uxy ,,,,0004745.0812304.0,, 004773.0846.25 +−=  (15) 

and would be characterized by autodependence in the residuals. The model fit 
would be very low (R2 = 0.0618769). 
 Taking into consideration only the trend-seasonal structure of the investi-
gated processes causes, that in the  unemployment rate model among the ex-
planatory components the current wages and salaries in the enterprise sector are 
present. In this case the estimated model is following: 
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001723.033977.062936.0

505742.044961.035582.0

356201.023988.030425.0

76264.078243.071807.0

00067.000143.000002.06299.2

7999.000404.000032.094325.0

0004.0213544.009015.004511.0

4682.5002108.03016.1761938.5

491762.05114.3151411.89441.40

+−−−

−−−

−−+

+++

++−−

−+++

++−−

−−++

+−−=

∗∗

∗∗∗

∗∗∗

∗∗∗

 (16) 

The coefficient R2 for the model (16) equals 0.833018. The residuals show the 
spatial and space-time autocorrelation. 
 In different models the parameters of current wages and salaries differ from 
one another not only with regard to significance but also the value. Moreover, 
the parameters of the influence of the wages on the unemployment in various 
time distances differ from one another with regard to significance, value and  
sign. This fact should be connected, among other things, with the influence of 
the wages and salaries on the labour demand – on the one hand – and on the la-
bour activity – on the other hand. It is seemed that these influences can manifest 
themselves with different strength in different time. 
 Returning to the model (14) the residual process analysis was done. The 
model STAR (1, 1) took the following form: 

( ) ( ) ( )
( )

1,,
1

0549243.01,,048389.000798.0,, 059552.002395.000192.0ˆ −− −+−= tjitjitji eLee . (17) 



© C
op

yr
igh

t b
y T

he
 N

ico
lau

s C
op

er
nic

us
 U

niv
er

sit
y S

cie
nt

ifi
c P

ub
lis

hin
g H

ou
se

Elżbieta Szulc 94

The insignificance of the parameters of the model (17) confirms  the lack of the 
temporal and space-time autocorrelation of the 1st order. 
 The models STAR of higher orders in time domain were considered as well. 
However, the parameters in these models were not significant. 

6. Conclusion 
 Taking into account the internal structure of the space-time processes is an 
important element of modeling of the dependence between these processes. The 
congruent model, which had the appropriate properties of the residuals, high 
degree of fit and interpretability of parameters was obtained. 
 In the presented analysis the simplified assumptions were taken. As regards 
the autoregressive structure of the investigated processes in the spatial dimen-
sion, the attention was limited to the autodependence of the 1st order, which 
means, that only the so-called „nearest” neighbours were identified. In the mod-
els the so-called pure spatial autodependence was not taken into consideration. 
These questions should be considered in further investigations. 
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